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Abstract—Mathematical tools that may be applied for soil classification purposes are discussed. They include
the evaluation of information contained in particular soil attributes, the grouping of soil objects into a given
(automatically determined) number of classes, the optimization of the classification decisions, and the devel
opment of the models and rules (algorithms) used to classify soil objects. The algorithms of multivariate sta
tistical methods and cluster analysis used for solving these problems are described. The major attention is paid
to the development of the systems of informative attributes of soil objects and their classes and to the assess
ment of the quality of the classification decisions. Particular examples of the solution of the problems of soil
classification with the use of formal mathematical methods are given. It is argued that the theoretical and
practical problems of classification in science cannot find objective solutions without the application of the
modern methods of information analysis. The major problems of the numerical taxonomy of the soil objects
described in this paper and the appropriate software tools for their solution should serve as the basis for the
creation of not only formal soil classification systems but also the theory of soil classification.
DOI: 10.1134/S1064229311120106

INTRODUCTION

schemes and soil names may change, whereas the
principles of the classification will remain intact.

The introduction of mathematical methods in biol
ogy is credited to M. Adanson’s work Families of Plants
(1763) [7]. In this classical study, Adanson described
the principles of plant classification on the basis of the
degree of similarity (frequency of coincident charac
teristics) between related plant taxa. Statistical meth
ods are widely used for soil classification purposes.
However, the methods of multivariate statistics have
limited use, though they can suggest efficient algo
rithms for image identification and cluster analysis.
The idea of numerical taxonomy was developed in the
1960s. The theory and methods of numerical taxon
omy are described in a special monograph [35]. Later,
generalizing monographs [21, 32, 36] and numerous
papers on the problems of numerical taxonomy in soil
science were published. It should be noted that the
advances of numerical taxonomy in other sciences,
including biology and geology, often found their appli
cation in soil science.
The problems of soil classification were actively
discussed in the 1960s–1970s. At present, a large
number of publications are devoted to the problem of
the correlation between different soil classification
systems. In such publications, the lists of soil names in
a given classification are compared with analogous
lists in other classification systems. This is an impor
tant problem of a “common language” in soil science.
However, the principles and goals of soil classification
are more important. The particular classification

The necessity to introduce mathematical methods
for solving the problems of soil classification is widely
recognized. To popularize this approach and the use of
numerical taxonomy, pedologists refer to the words of
A. Whitehead (1925), who argued that a transition
from classification to mathematics is a necessary step
in the cognition of various phenomena [8]. As noted
by Baily (cited from [3]), the scientific value of classi
fications that have no quantitative basis is arguable.
The theory of such classifications is entirely intuitive;
it lies in the domain of art rather than science. The
notion of numerical taxonomy implies the assessment
of the relations or the degree of similarity between tax
onomic units by numerical methods and the use of
these relations for arranging the units in a taxonomic
order [35]. Taxonomic units are understood as the par
ticular objects and their classes (taxa). In essence,
numerical taxonomy is “a subdivision of a given set of
multidimensional objects into classes, so that each
class is represented by an isolated group of points in
the space of selected parameters” [2]. Thus, numerical
taxonomy can be perceived as a formally (with the use
of mathematics) constructed taxonomy allowing the
identification of objects on the basis of their charac
ters.
The logic of classification decisions and the
requirements for classification systems in dependence
on their functions are developed fairly well. However,
there are no definite rules to construct soil classifica
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tion systems. At the same time, the experience in this
field makes it possible to suggest a sequence of neces
sary steps in the development of numerical soil taxon
omy with the use of the already tested methods. Such
a sequence should serve as a framework for the devel
opment of the theory of soil classification.
The active development of remote sensing methods
and digital soil mapping with the use of geographic
information systems has served as a new stimulus for
the application of mathematical methods in soil sci
ence [12, 25]. The major attention is focused on the
elaboration of adequate technical equipment and on
the unification of procedures for the automated treat
ment of the corresponding data. Less attention is paid
to the diverse methods of data analysis used in soil sci
ence. It should be noted that the methods to evaluate
the quality and information capacity of digital carto
graphic materials differ from the methods of data val
uation that are traditionally used in soil science. It is a
challenge for pedologists not just to use the advantages
of geoinformation technologies and procedures for
automated image recognition but also to introduce
their own efficient methods to discriminate between
different soil objects. The purpose of this paper is to
characterize the main algorithms that can be used to
classify different soil objects, including aggregates,
thin sections, soil horizons, and soil profiles.
FORMALIZATION OF SOIL CLASSIFICATION
The term classification has three meanings: (a) the
process of the creation of a classification, (b) the clas
sification system (the result of this process), and (c)
the procedure of the use of this system for the identifi
cation of particular soil objects (or soil correlation).
Formally, the logic of classification can be
described in terms of the set theory. The set of objects
A is subdivided into classes A = Aj, where j =1, 2, …, k
(k is the number of classes) in such a way that (1) Aj ≠ ø,
which means that all the classes are not empty (they
contain at least one object); (2) Aj ∩ Al = ∅ (where i, j =
1, 2, …, k, and j ≠ i), which means that the classes do
not intersect (they have no common objects); and (3)
Aj = A, which means that the union of classes gives us
the initial set of objects.
Separate classes represent equivalence classes.
Such classes have the properties of reflectivity (xRx),
symmetry (xRy
yRx), and transitivity (xRy &
yRz
xRz, where R denotes some relations (similar
ity, difference, likeness, etc.). Thus, a classification
system is a system of equivalence classes.
Typological regionalization is also characterized by
equivalency relations, though individual regionaliza
tion does not possess the property of transitivity; i.e.,
(xRy & yRz) do not necessarily mean (xRz) (the neigh
bor of my neighbor is not necessarily my neighbor).

The creation of any classification system begins
from the formulation of its goals. These goals should
be clearly specified and should not be selfcontradic
tory; philosophical “universal” goals are not appropri
ate in this case. The goals of classification are taken
into account upon the choice of soil characteristics.
From the entire diversity of these characteristics, those
that fit the preset goal and reflect the existing notions
in the best way should be chosen. The formulation of
the goal of classification is a subjective process. To
limit this subjectivity, we need to specify this goal very
precisely. The system of soil characteristics (attributes)
used in the classification should be adequate for the
conceptual model of the object of the classification. To
achieve success, it is important to exclude the diversity
of different aspects that may be potentially reflected in
the classification. In this aspect, a soil classification
differs from a soil database. A soil classification is
based on information highly relevant to a particular
goal, whereas a soil database may be designed to satisfy
a broad circle of different aspects that might interest
particular users. In other words, a classification can be
considered a compact information system containing
the maximum information about the particular classes
of soil objects (soils, soil horizons, soil samples, thin
sections, aggregates, etc.) in the space of their spe
cially chosen attributes. These attributes may include
information on the morphology and composition of
soil objects, and information about the factors of soil
formation contained in the description of these objects
may also be included.
The particular values of soil attributes can be char
acterized with the help of different scales. The theory
of scales for the description of various objects and its
particular applications are considered in the general
theory of measurements [14] and in particular fields of
science [8]. One of the basic requirements for the
design of such scales is the possibility to transform the
values of the described attributes into some characters
that allow arithmetic operations with them and may be
processed by mathematical methods. The possibility
of such a transformation is tightly related to the possi
bility to predict some attributes from the values of
other attributes. The transformation is possible if it
does not disturb the prediction. For a particular
attribute, this means that the transformation does not
change its major characteristics, so that the relations
between the particular values of the attribute are pre
served after some arithmetic operations with them.
Table 1 summarizes data on the types of scales that
can be used for soil attributes and on the operations
that can be performed with them. The types of soil
attributes have been widely discussed in the literature
[9, 17, 21], and there is no need for additional com
ments on this table. It should be stressed, however, that
the types of scales should be taken into account for the
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Table 1. Scales of attribute values
Allowable procedures
Type of scale

operations**

Examples

transformation*

statistical treatment
1

2

3

4

5

Nominal scale
(classification
scale)
Ordinal

Onetoone

+

–

–

–

–

Monotonous
continuous

+

+

–

–

–

Interval

y(x) = ax + b
a>0

+

+

+

–

–

Differential

y(x) = ax + b
a=1

+

+

+

+

–

(1) Frequency distribution,
(2) determination of modal
class
(1), (2), (3) estimation of
the median, (4) estimation
of centiles, (5) rank correla
tion
(1–5), (6) estimation of the
expectation, (7) dispersion,
(8) asymmetry, (9) moments
1–9

Relational
Absolute

y(x) = ax a > 0
y(x) = x
a=1

+
+

+
+

+
+

–
+

+
+

All the methods
All the methods

Color, structure, and names
of soils and horizons; shape
of boundaries; etc.
Degree of podzolization,
degree of soil cultivation,
soil water content, soil bulk
density, etc.
Temperature, absolute age,
etc.
Soil characteristics deter
mined from the difference
in the sums of some indices
Depth, thickness
Number of samples, num
ber of horizons, etc.

Notes: * Allowable changes in the values of the attributes and their use as arguments in equations.
** (1) Equal (=), unequal (≠); (2) more (>), less (<); (3) (x1 – x3)/(x2 – x3); (4) (x1 – x2); and (5) x1/x2, where x1 is the value of
the attribute.

appropriate choice of the method of mathematical
treatment of the data.
The information capacity (informativeness) of the
attributes used in a classification means their capacity
to separate a given object (or class) from other objects
(classes). The assessment of this capacity may be per
formed for the cases when the particular classes of
objects are unknown, as well as for the cases when they
are preliminarily specified. In the first case, for a mul
tidimensional sample X = xij, where i = 1, 2,…, n (n is
the number of objects), and j = 1, 2, …, m (m is the
number of attributes), the method of principal com
ponents can be applied [17, 24]. The eigenvalues (λlj)
and eigenvectors (υlj, where l = 1, 2,…, k is the number
of the determined values and vectors) of the correla
tion matrix of the sample are calculated. This method
can be illustrated by the following example.
The description of a profile of a podzolic soil con
tains seven attributes (the pH, the carbon content, the
acidity, the contents of clay and physical clay, and the
characteristics of the removal of clay and the removal
of Ca + Mg) determined for the four major horizons
(Ap, A2, A2B, and B). A fragment of the results of the
calculations is shown in Fig. 1.
The first principal component describes 67% of the
variance of the attributes in the sample. The highest
values in the first eigenvector correspond to the four
latter attributes of the soil (particlesize distribution
data on the soil horizons). Hence, these attributes
EURASIAN SOIL SCIENCE
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specify the differentiation of the horizons along the
ordinate axis (the projection of the attributes of the
horizons onto the first principal component). In the
second principal component, the highest role is played
by the carbon content; it mainly (0.73) specifies the
differentiation of the horizons along the abscissa axis.
In the further analysis, only the most informative
attributes can be used, though some information may
be lost in this case. This approach has already been
tested in various problems of economics [1]. The visi
ble differentiation of the objects in the plot can be used
as a criterion of the quality of the analysis. It can be
seen that the Ap (samples 1–3) and A2 (samples 4–6)
horizons are clearly separated, whereas the A2B (sam
ples 7–9) and B (samples 10–12) horizons partly overlap.
The dendrogram developed for these objects (Fig. 2)
shows the same regularities in a more distinct manner.
The grouping of the horizons with respect to their
similarity on the dendrogram is analogous to that in
the coordinates of the principal components. Figures
1 and 2 illustrate the ordinate and hierarchical classifi
cations, respectively. Dendrograms represent one of
the forms of visualization of the results of classifica
tions. In the development of a dendrogram, it is
important to take into account the scales used to
describe the attributes, because these scales specify the
choice of the measure of similarity [21].
Dendrograms can also be used for the visual assess
ment of the informativeness of the attributes (Fig. 3).
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1
2
3
4
5
6

:
:
:
:
:
:

Correlation matrix of the properties of soddypodzolic soils:
( 2) 0.50 ( 3) –0.47 ( 4) –0.68 ( 5) –0.49 (
( 3) 0.26 ( 4) –0.50 ( 5) –0.41 ( 6) –0.50 (
( 4) 0.55 ( 5)
0.49 ( 6)
0.52 ( 7)
0.41
( 5) 0.93 ( 6)
0.98 ( 7)
0.84
( 6) 0.93 ( 7)
0.85
( 7) 0.85

i

Eigenvalues of
the matrix

–0.70 (
–0.34

7)

–0.48

Principal component
loads, %

1
4.69
2
1.26
Eigenvectors of the matrix:

Component 1

6)
7)

67.0
85.0

ГК1– 1 : –0.34 –0.24
0.26
0.45
0.43
0.45
0.40
ГК2– 2 : –0.09 –0.73 –0.67 –0.01 –0.04 –0.02 –0.04
Position of the soil samples in the coordinates of the principal components:
*8
100
95
90
*11*12
85
80
* 9, 10
75
70
*7
65
60
55
50
45
40
35
30
25
*5
20
15 * 2* 1* 3
10
*4
5
*6
0
20

40

60
Component 2

80

100

Fig. 1. The principal component analysis of data on 12 samples of soddypodzolic soils characterized by 7 attributes; samples (1–3) are
from the A1 horizon; (4–6), from the A2 horizon; (7–9), from the A2B horizon; and (10–12), from the B horizon.

The dendrogram of similarity developed for several
objects on the basis of data on 38 attributes does not
change upon the exclusion of the lowinformative
attributes until only 12 of the attributes are left. How
ever, for large samples, this approach can be replaced
by a more stringent comparison of the hierarchical
structures.
When we have no information on the classes of
objects, the determination of the lowinformative
attributes for their exclusion from the analysis is per
formed by relatively nonrigorous methods. Thus, we

may take into account the degree of variation of the
values of a given attribute. The low variation corre
sponds to the low informativeness of the attribute and
vice versa. Another approach is based on the analysis
of the correlation between the analyzed attributes. If
we have two tightly correlated attributes, we may leave
only one of them for the classification procedure,
because the addition of the second attribute does not
increase the amount of information. Dendrograms of
similarity (Fig. 3) can also be used to control the pos
sibility of the exclusion of some attributes. If two
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Similarity, % 1
104.13
96.00
87.88
79.75
71.63
63.50
55.37
47.25
39.12
31.00
22.87
14.75

3

2

4

5

6

7

11

12

8

1293
9

10

Fig. 2. Dendrogram of similarity for the 12 samples (see Fig. 1) characterized by 7 attributes.

Similarity, %

100

m = 38

m = 26

m = 15

m = 13

m = 12

1 2 3 4 5 6 7

1 2 3 4 5 6 7

1 2 3 4 5 6 7

1 2 3 4 5 6 7

1 2 3 4 5 6 7

80
60
40

Fig. 3. Assessment of the informativeness of the attributes by the method of dendrograms (for seven arbitrarily selected objects).

attributes are characterized by their high similarity,
one of them can be excluded. An advantage of the
method of dendrograms is that they may be developed
for any scale of the attributes (not only arithmetic
scales can be used).
More stringent criteria of informativeness can be
applied if the classes of objects are already specified
(by expert judgment or by some formal methods). If a
sample is large, the informativeness of the attributes
can be assessed by the methods of multivariate statis
tics
(http://lem.edu.mhost.ru/doc/presnta
tions/Rozhkov.pdf; [21]). For this purpose, the num
ber of objects in the classes should exceed the number
of attributes. The loss of information upon the exclu
sion of some attributes is estimated from the compari
son of the similarity of the classes for the full (p) and
reduced (q) sets of the attributes:
χ 2f = –n(p + k)/2ln(λq/λp),

where f = p(k – 1), n = n1 + n2 (the number of objects
in the classes), k is the number of classes, and λq =
|W|/|T| is the ratio of the matrix determinants for the
intra and interclass variances with p and q attributes.
EURASIAN SOIL SCIENCE
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Similar results can be obtained if we compare the
Mahalanobis distances for the compared classes char
acterized by the full and reduced sets of the attributes:

(

)

F = ⎡⎣( n1n2 − 1) n1n2 D p2 − Dq2 ⎤⎦ ⎡⎣( q − p)( n1 + n2 )
× ( n1 + n2 − 2) + n1n2D p2 ⎤⎦ ,
where F is the distribution with f1 = q – p and f2 = n1 +
n2 – q – 1 degrees of freedom; n1 and n2 are the num
bers of objects in the compared classes, and q and p are
the initial and reduced numbers of attributes, respec
tively (q > p); and Dq2 and D p2 are the Mahalanobis dis
tances. If F ≤ Fα f1,f2, then the exclusion of a given
attribute has not led to the loss of information.
The corresponding calculations are performed by
the cyclic examination of all the attributes. The least
informative attribute is excluded from the sample, and
the procedure is performed again until the loss of
information (according to the χ² criterion) becomes
significant. The exclusion of the lowinformative
attributes is costefficient, as it allows us to reduce the
number of necessary soil analyses by more than two
times.
The space of the attributes can also be reduced via
the compression of the data. For this purpose, the dis
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Table 2. Approximation of data on the bulk elemental composition (%) of the humusilluvial podzol
Genetic horizon Depth (x), cm
AoA1

Bulk forms, %

5

A2

10

Bf

15

Analysis

Calculated

Difference
–10.0

Difference, % of the
analytical data

SiO2

46.0

56.0

Fe2O3

14.0

13.0

1.0

7

Al2O3

6.5

5.0

1.5

23

SiO2

85.0

69.0

16.0

14

Fe2O3

9.0

11.0

–2.0

22

Al2O3

0.8

0.3

0.5

62

SiO2

83.0

89.0

–6.0

7

Fe2O3

9.4

8.6

0.8

8

Al2O3

1.8

1.0

56

0.8
2

21

2

Note: Coefficients of the polynomial P2,2 (x, y) = 1.20 – 86.0x + 16.0x + 11.0 – 9.5y + 1.9 y , where x is the depth and y is the ordinal
number of the oxide.

tribution of the attribute values in the soil profiles is
1

approximated by the following polynomials [20, 21]:
m

Pm ( x ) =

∑a x ,
k

k

k =0

where m is the degree of the polynomial.
For example, a polynomial
P2(w) = 32.0 – 0.123w + 0.000361w2
represents a good approximation of the field water
capacity (w, %) in the profile of a soddypodzolic soil
[20].
Tables containing data on the composition and
properties of soils f(x, y) can be approximated by the
following polynomials [15]:

Pn, m ( x, y ) =

m+1

n+1

∑ y ∑ A(
r =1

r −1

r −1)( n+1)

+ x ss −1,

s =1

where n is the degree of the approximating polynomial
according to the variable x, s is the number of approx
imation nodes according to the variable x (the number
of columns in the table), m is the degree of the approx
imating polynomial according to the variable y, r is the
number of approximation nodes according to the vari
able y, and A denotes the coefficients of the polyno
mial.
Table 2 illustrates the possibility of the twodimen
sional approximation of soil attributes. More accurate
approximations of the data may also be found if we use
some other algorithms. However, the mere possibility
1 Power

polynomials serve as basic functions in different formal
procedures of data approximation, regression, presentation of
linear discriminant functions, linear transformation of the vec
tors of attributes into principal components, and canonic corre
lation; they are used as models in the design of complex techni
cal systems and in their selforganization [4, 12].

of the compression of the initial data is important.
This approach is convenient if we need to present the
data in a uniform way (as distributions of attributes in
the soil profile or along the catena) and to perform
data interpolation. The parameters of the polynomials
can serve as the initial data for the further analysis, as
has been tested in many works in soil science [5, 13,
15, 17, 29, 30].
Numerical taxonomy has its own means to evaluate
the quality of classification decisions and to compare
different classification systems. Figure 4 contains an
example of the separation of soil objects into classes
(classification) and the formulas to calculate several
criteria of the quality of this separation. The initial
data were obtained from different sources and include
information on the contents of humus and exchange
able calcium in the A1 horizons of seven different soils.
They are grouped in clusters in the upper part of the
figure. A special program was used to separate 27 soil
samples into 2, 3,…12 classes (groups) successively
(the lower part of the figure) with the calculation of six
indices of the quality of this separation (QC1–QC6).
The first index (the quality coefficient (QC)) repre
sents the ratio of the number of correctly determined
classes to the total number of classes (in this case, we
know the initial classes represented by the genetic soil
types). If we do not have the initial division into
classes, other criteria should be applied: QC2 (the dif
ference in the mean values of the similarity of the sam
ples within the groups and between the groups), QC3
(the mean similarity within the groups), QC4 (the
ratio of the determinants of the matrices of the intra
group variation and the total variation), QC5 (the spur
of the matrix of the mean intragroup similarity), and
QC6 (the determinant of the matrix of the mean intra
group similarity).
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(a)

4

23

15

10
20 13

16

2

V
17

9 10
8 III
II
2I1
5
3 6 7

0

Values of the quality criteria

21
VI

1314 12
IV
11

3

1

VII
27
24 26
25

22

5

2
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4

6

8 10 12 14 16 18 20 22 24 26 28 30 32 34 36
Ca

(b)

1.0
0.9
3
0.7
5

0.6

2
1

6
4
0.1
6
9
7
8
10 11 12
Number of classes
1 – QC1 = m/K; 2 – QC2 = cii – cij; 3 – QC3 = cu;
4 – QC4 = [(n – m)W](n – 1)T; 5 – QC5 = t,(W); 6 – QC6 = [W]
2

3

4

5

Fig. 4. Quality criteria for classification systems (explanations in the text): (a) ordinate representation of soil groups (I—brown
desert, II—graybrown (semidesert), III—soddy mediumpodzolic, IV—soddy strongly podzolic, V—chestnut, VI—light gray
forest, VII—gray forest); 1–17 are the numbers of the soil profiles; (b) changes in the quality of the classification with an increase
in the number of classes (groups).

The use of the first three indices (QC1–QC3) gives
us similar results. According to them, the separation of
the samples into five and eight groups (instead of the
preset seven classes) is characterized by good quality
coefficients. However, if we use other criteria, we can
say that the best quality of the classification is
achieved, when the samples are separated into seven
groups. However, in practice, the second criterion
(QC2) is usually applied, as it is calculated in the
course of the separation (classification) procedure.
Thus, different classification decisions can be com
pared on the basis of specially calculated quality coef
ficients. However, other special approaches can also be
used for this purpose. For different ordinate classifica
tions of the same soil objects (soils), the coefficient of
association and the polychoric correlation index can
be used [21, 31].
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The algorithm of the calculation of the coefficient of
the association of the ordinate classifications. The initial
data is as follows: k is the number of compared classifica
tions, q(k) is the number of classes in them, n(k, qmax) is
the number of objects in the classes, and m(k, n) are the
numbers of objects by the classes.
(1) A table of the paired associations of classifica
tions (nij) is constructed.
(2) The coefficient of the association (CA) is calcu
lated:
CA = (ω1 + ω2 – t/(2n – t),
k1

where ω1 =

∑m
j =1

j max ;

mj max = max(nij);

(0.1)
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Table 3. Numbers of objects coinciding in classifications I and II (by separate classes*)
Classification I
Classification II
1
2
3
4
5
6
7
8
9
K2 = 10
mi
mjmax

1

2

3

K1=4

mi

mimax

20
8
–
–
–
–
–
1
2
–
31
20

–
–
13
1
–
–
–
–
–
–
14
13

–
–
4
4
14
–
5
1
–
1
31
14

–
–
–
–
28
–
2
–
–
1
31
28

20
8
17
5
42
2
7
2
2
2
n = 107
ω1 = 75

20
28
13
4
28
2
5
1
2
1
ω2 = 84

* The explanations of the particular indices are given in the text.

j = 1, … k1 is the number of classes in the first classifi
cation;

The Chuprov polychoric correlation (PC) is calcu
lated:
PC = ϕk–0.25, where k = (k1 – 1)(k2 – 1);

k2

ω2 =

∑

mi max = max(nij);

mi max;

i =1

i = 1, …k2 is the number of classes in the second classi
fication; and
mi =

∑n ;
ij

j =1

k2
k1
⎛
⎞
ϕ2 =∑ ⎜ 1 mi ∑ nij2 m j ⎟ – 1 – k/n;
⎜
⎟
i =1 ⎝
j =1
⎠

k2

k1

t = max(mj) + max(mi);

and k1 and k2 are the numbers of classes in the two
classifications, respectively.

mj =

∑n ,
ij

i =1

i =1

The algorithm of the calculation of the polychoric
correlation of the ordinate classifications.
The initial data are the same as in the previous
algorithm.
(a)
1 3 2 4 5 6 7 8 11 12 9 10

100

n=

∑∑
j

j =1

∑m = ∑m ;

nij =

i

i

i

χ 2α, f = nϕ2;

100

80 I

80

60

60

40 II

40

20

20

j

j

f = k.

(b)
1 3 2 4 6 5 7 8 10 12 9 11
I
II
III
IV

0

III

–50 IV

Fig. 5. Comparison of hierarchical classifications according to (a) different sets of attributes and (b) different similarity indices.
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Table 4. Matrices cV for dendrograms A (lower triangle) and B (upper triangle) (see Fig. 5)
A/B

1

2

3

4

5

6

7

8

9

10

11

12

1
2
3
4
5
6
7
8
9
10
11
12

–
2
2
3
3
3
4
4
4
4
4
4

1
–
2
3
3
3
4
4
4
4
4
4

1
1
–
3
3
3
4
4
4
4
4
4

2
2
2
–
2
3
4
4
4
4
4
4

2
2
2
1
–
3
4
4
4
4
4
4

2
2
2
1
1
–
4
4
4
4
4
4

2
2
2
2
2
2
–
2
2
3
2
2

4
4
4
4
4
4
4
–
2
3
2
2

4
4
4
4
4
4
4
2
–
3
2
2

4
4
4
4
4
4
4
1
2
–
3
3

4
4
4
4
4
4
4
2
2
2
–
1

4
4
4
4
4
4
4
1
2
1
2
–

Note: R = 0.5 at R0.99 = 0.35.

For example, we have obtained two classifications
for 107 objects (n = 107). In the first (I) classification,
these objects are separated into four classes, and, in
the second (II) classification, they are separated into
ten classes. Table 3 contains data on the number of
coinciding objects in the classes of both classifications
and on the results of the required summing operations.
On the basis of these data, we obtain the CA value:
CA = 75 + 84 – (31 + 42)/2.107 – (31 + 42) = 0.61.
This means that classifications I and II agree at the
level of 61%.
For the polychoric correlation, we obtain k = 27,
ϕ2 = 2.59, PC = 0.71, and χ2 = 277, which points to
the high conjugation of these classifications (χ 2table =
55.5 with the probability of 0.999).
A comparison of hierarchical classifications can be
performed by the method of Sokal and Rohlf [33] with
the use of special software to compare dendrograms.
Figure 5 and Tables 4 and 5 illustrate the algorithm to
compare two dendrograms for the abovedescribed
twelve soil horizons constructed with the use of two
different sets of attributes (or with the use of different
indices of similarity).
The range of the similarity indices of the dendro
grams is subdivided into equal numbers of intervals.
Four intervals are recommended when the number of
objects n ≤ 10; when the number of objects n ≥ 100,
more than 10 intervals should be specified.
Then, the matrices of similarity of сVa and сVb sizes
[n, n] are constructed (Table 4). These matrices show
the numbers of the intervals that characterize similar
ity between the particular objects. For example, for the
first object of dendrogram A (the lower triangle in the
table), its similarity with objects 2 and 3 and with
objects 4–6 lies within intervals 2 and 3, respectively;
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its similarity with objects 7–12 lies within interval 4.
These intervals are indicated in the first column of the
matrix. For dendrogram B (the upper triangle), the
similarity of the first object with objects 2 and 3 lies
within interval 1 (the upper row of the matrix), etc.
To measure the degree of similarity between the two
dendrograms, the coefficient of correlation R is used.
To calculate it, the matrix is transformed into the cor
relation table. When the number of intervals is less
than four, nonparametric indices are used instead of R.
In our case, R = 0.5 with the probability of 0.99.
Until recently, this was the only approach to com
pare dendrograms [24]. However, it can be modified
with the use of the PC and CA indices calculated for
hierarchical classifications (Table 5).
The agreement between the matrices сVa and сVb is
judged from the number of coinciding elements of
these matrices. In this case, the PC equals 0.36, and
Table 5. Indices of agreement between the dendrograms
(the number of classes in classifications C1 and C2 is equal
to four)
C1/C2

1

2

3

4

1
2
3
4

–
5
4
–
9
5

1
4
11
6
22
11

–
–
–
–
0
0

–
4
1
30
35
30

mi
mjmax

1) PC = 0.36, ϕ2 = 0.38.
2

χ2 = 25.1, f = 9, χ0.99 = 21.7.
2) CA = 0.36.

mi

mimax

1
1
13
5
15
11
36
30
N = 66 S2 = 47
S1 = 46
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Table 6. Coding of the morphological descriptions of soil profiles
Code
0
1
2
3
4
5
6
7
8

Indications of hydromorphism

Groundwater
depth, cm

Texture

Hydromorphic features are absent
Brown and ocherous mottles, fine iron nodules, ocherous veins

Sand
Alteration of sandy (loamy
sandy) and loamy layers
Bluish tint with ocherous mottles against the brown (or gray) back Loamy sand
ground color
Bluish mottles against the brown (or gray) background color and, in Light loam
some cases, ocherous mottles
Ocherous (rusty) horizon with iron–manganic concentrations
Medium loam
Iron–manganic nodules and laminae against the mottled ocher Heavy loam
ous–bluish background color pattern
Bluish (dirty bluish) horizon with ocherous mottles
Clay
Thin peat horizon
Silty sand, peat
Peat with moderately and highly decomposed plant residues
Peat

this correlation is significant with the probability of
0.99. The CA also equals 0.36, but the authors have not
suggested methods to estimate its probability; thus,
this index has just an illustrative meaning.
This is not a stringent method to compare dendro
grams, because the number of similarity intervals is
not strictly specified. It remains an arbitrary charac
teristic. A more objective approach consists of the sep
aration of objects in the dendrograms with respect to
the quality indices and the comparison of the dendro
grams according to the PC and CA indices.
This approach can be illustrated by the comparison
of three classification systems of floodplain soils in the
middle course of the Ob River [26].

I

II

III

IV
1

2
4

V

3
5

Fig. 6. Results of an automated computergenerated
grouping of soils. Soils: (1) soddy, (2) meadow, (3) soddy
meadow, (4) meadowbog, and (5) bog (swampy).

>200
150–200
100–150
50–100
0–50

In the field, the soils were classified according to
the system suggested by Dobrovol’skii [10]. Then, they
were reclassified according to the system suggested by
Shrag [28]. Each of the pits was described with the use
of nine attributes characterizing the degree of the soil
hydromorphism and data on the texture of the Asod,
A1, B, and D(C) horizons and on the groundwater
level. (Table 6).
For an automated classification procedure, the val
ues of these attributes were encoded. These codes do
not represent some ranged scales; they give us designa
tions of the particular soil attributes in the numerical
form; i.e., they represent nominal scales for the con
sidered attributes (the degree of hydromorphism, the
soil texture, and the groundwater depth). The results
of the automated grouping (classification) are shown
in Fig. 6. The conventional signs shown on the dia
grams denote the names of the soils according to the
classification system of Dobrovol’skii.
All the soils were separated into five compact
groups that mainly consist of the same soil subtypes
(according to the classification of Dobrovol’skii).
However, as the changes in the soil properties upon the
transition from a given soil type to another type have a
gradual character, it is quite natural that the group of
soddy soils (group 1) also includes soddy meadow soils
that differ from the soddy soil proper in the appear
ance of some hydromorphic features (attributes). A
large group of meadow soils (2) includes 35 pits; some
of them were initially classified as soddy meadow soils
with a significant degree of hydromorphism. The
group of meadowbog soils (4) includes some meadow
soils with increased hydromorphism. The distribution
of all the studied 126 soil pits by the taxa of the three
classification systems (including the automated
numerical classification) is shown in Table 7.
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Table 7. Classification of soils on the Ob River floodplain
Class
1
II
III
IV
V
I
II
III
IV
V
VI
VII
I
II
III
IV

Alluvial soil

Numbers of classified objects (soil profiles)

Classification by G.V. Dobrovol’skii
1–3, 11–13, 31, 32, 34, 37,40, 59, 66, 88, 89, 99
5–7, 20, 29, 35, 38, 54, 60, 61, 63, 67, 68, 70, 72, 73, 79, 84, 93, 94, 97, 101–103, 105,107–110
4, 9, 10, 15, 17–19, 21–23, 25–28, 30, 33, 36, 39, 41–50, 52, 53, 55–58, 62, 65, 71, 74–78,
80–83, 85–87, 95, 96, 98, 100, 104, 106, 113, 116,118, 125, 126
Meadowbog
14, 16, 24, 51, 64, 69, 90, 92, 112, 114, 117, 119, 121–124
Bog (swampy)
8, 91, 111, 115, 120
Classification by V.I. Shrag
Layered
2, 59, 99, 103
Granularlayered
1, 11–13, 29, 31, 40, 42, 61, 66, 67, 89, 96
Granular
3–7, 17–23, 26–28, 32, 34, 35, 37, 39, 41, 47, 50, 52–55, 57, 58, 60, 62, 63, 65, 68, 70, 73, 76,
78–80, 82, 84–86, 88, 93–95, 102, 105, 107–109, 113, 124–126
Swampy layered and 15, 33, 38, 43–45, 72, 74, 75, 97, 101, 106, 110
granularlayered
Swampy granular
9, 10, 16, 24, 25, 30, 36, 46, 48, 49, 51, 56, 64, 69, 71, 77, 81, 83, 87, 90, 92, 98, 100, 104, 116–
118, 121–123
Silty gleyed
14, 120
Silty swamp
8, 91, 111, 112, 115, 119
Automated computergenerated classification
–
1, 3, 11–13, 31, 32, 34, 37, 40, 59, 60, 66, 72, 79, 84, 89, 97, 99, 101, 103, 105, 107, 109, 110
–
4, 10, 15, 17–23, 25–28, 35, 38, 41–43, 48–50, 52–54, 56–58, 61–63, 65, 70, 71, 73–78, 80–
83, 85–87, 93–96, 98, 100, 102, 104, 106
–
5–7, 29, 30, 33, 39, 44, 55, 67, 68
–
9, 14, 16, 24, 36, 45–47, 51, 64, 69, 90, 92, 112, 114,117–119, 121–124, 8, 91, 111, 115, 120
Soddy
Soddymeadow
Meadow

Table 8 contains the results of the comparison
between the three systems according to the coeffi
cients of association and polychoric correlation. It can
be seen that a reliable agreement is only observed
between the automated classification and the classifi
cation according to G.V. Dobrovol’skii. Other com
pared pairs of classifications are weakly associated
(according to the CA and PC indices).
This can be explained by the fact that the soil
attributes selected for the computerbased processing
better fit the classification criteria suggested by
Dobrovol’skii than the criteria used by Shrag. How
ever, it is more important that we have compared dif
ferent classifications with the use of quantitative meth
ods. It can be supposed that such a comparison of dif
ferent classifications tested in different regions of the
country will help us to solve many disputable prob
lems.
If the soil classes (taxa) are already specified, we
can examine the relationships between them (the
degrees of separation, inclusion, or intersection) with
the help of discriminant analysis (Fig. 7).
The methods of multivariate statistical analysis can
be applied to formalize the results of the classification
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and find the position of new objects (i.e., to classify
them) in the system of existing classes. These methods
can be applied at any level of the organization of soil
systems [23].
In the given example, we have three classes of
objects (soils) that consist of 8, 14, and 12 individual
soils, respectively. They are described by four
attributes. The results of the calculations with the use
of the method of multivariate statistical analysis are
shown in Fig. 8. It contains data on the Mahalanobis
distances between the classes and the corresponding F
criteria with freedom degrees f1 = m (number of
attributes), and f2 = ni +nl – m – 1.
The linear discriminant function (LDF) describing
the maximum differences between classes 1 (I) and 2
Table 8. Criteria of agreement between the different classi
fications: the coefficients of association (CA) and poly
choric correlation (PC, in parentheses)
Classification

V.I. Shrag

Computergenerated

G.V. Dobrovol’skii
V.I. Shrag

0.27 (0.30)
–

0.53 (0.56)
0.25 (0.12)
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8
5

I

6

7

4

1

III

3

IV

2
II
Fig. 7. The linear discriminant function MS1 = L0 + L1 X1+ L2 X2 +…+ LM XM.

Numbers of classes
i

l

Mahalanobis
distance
D2

1
1
2

2
3
3

223.43
371.00
18.35

F

f2

241.7
371.0
25.9

17
15
21

Coefficients of linear discriminant functions:
........Between classes 1 and 2:
B[ 0] = 492.59 B[ 1] = 1.46 B[ 2] = 2.41 B[ 3] = 1.04 B[ 4] = 11.17
........Between classes 1 and 3:
B[ 0] = 508.53 B[ 1] = 0.73 B[ 2] = 2.58 B[ 3] = –0.35 B[ 4] = 19.17
........Between classes 2 and 3:
B[ 0] = 108.46 B[ 1] = 0.54 B[ 2] = 0.78 B[ 3] = –0.25 B[ 4] = 3.91
Projections of the objects onto the dividing plane:
Between classes 1 and 2
Class 1
41 41 42 36 40 36 34 41
Class 2
43120702255526
Between classes 1 and 3
Class 1
57 56 58 52 57 50 49 57
Class 3
313535413703
Between classes 2 and 3
Class 2
23 22 17 18 17 26 17 20 19 24 24 24 19 25
Class 3
6 4 7 9 7 9 8 1 4 13 0 8
Fig. 8. Multivariate statistical analysis (linear discriminant functions); f1 = 4.
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Formulation of the problem
Diagnostic
classification

Automated
classification

Determination
of the SIA

Nonhierarchical:

Hierarchical:

Quality criteria for
comparison

SIA for the classes:

Diagnostic model:

Identification:
Interpretation of the results

Fig. 9. Problems of numerical taxonomy.

(II) according to attributes x1 – x4 has the following
form:
L1,2,j = 492.59 + 1.46x1 + 2.41x2 + 1.04x3 + 11.17x4.
The differences between these classes are reliable
according to Fisher’s test Ff1f2, which is also confirmed
by the fact that the projections of the objects onto lin
ear axes (the Lilj values) do not intersect.
If we have learning samples analogous to those
given in this example, the classification of new objects
is performed via the calculation of the Lijl values,
which should be compared with the projections of the
objects in the specified classes. For classes 1 and 2,
they correspond to the intervals of 34–42 and 0–7,
respectively. If the projection of the object to be classi
fied does not fit the existing intervals, it is classified
into the closest interval. In some cases, however, its
classification will be uncertain. In particular, this con
cerns the cases when the projections of the existing
classes do intersect.
The classification of new objects according to the
LDF system is performed via calculating projections
for each of these functions; the object is attributed to
the class in which it falls most often (the voting
method).
There are variants of discriminant analysis that take
into account the inequality of covariance matrices, the
LDFs for three and more classes, and other formal
rules of classification, including binary scales of the
attributes. The classification of new objects can be
based on different indices of similarity with the objects
in the learning classes: the nearest neighbor, the mean
similarity with all the objects in the classes, the inter
vals of similarity, etc.
The particular algorithms and methods are realized
within the framework of general problems of numeri
cal taxonomy (Fig. 9). Two different groups of the
problems can be specified: the diagnostic classification
implies the identification (classification) of new soils
relative to the existing (learning) classes, whereas the
automated classification implies the grouping of soils
by automatically determined classes of hierarchical or
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other (nonhierarchical) order. The criteria of the qual
ity of the classification can be determined both for
preset and newly constructed classifications. For the
selected classifications, more compact systems of
informative attributes (SIA) can be determined.
The differences between the classes can be deter
mined with the use of linear discriminant functions
that represent diagnostic models for classifying new
objects. There are also other methods to classify (iden
tify) new objects, i.e., to determine the classes to
which they should be attributed.
The methods described in this paper are realized in
the MERON software package especially designed to
solve the problems of the numerical taxonomy of soils.
CONCLUSIONS
The formalization of notions and procedures is the
most efficient tool to achieve objectivity in the field of
soil classification and to compare and evaluate the
existing classification systems. This is a necessary stage
for the further development of the theory of pedology
and its practical applications. The problem of soil clas
sification is one of the acute problems of pedology. A
system of axioms of soil classification should be devel
oped. The author believes that the examples of appli
cation of formal numerical methods to solve the par
ticular problems of soil classification that are discussed
in this paper should initiate new ideas and hypotheses
in this field, though the results obtained with the use of
these methods are not always easily visualized and
interpreted.
A general scheme to develop the numerical taxon
omy of soils is important. At the first stage, the goals of
the classification should be specified. Then, we should
determine the optimum system of informative charac
teristics (attributes) for the preset or automatically
determined taxa (classes) of soil objects arranged
along the ordinate in a hierarchical way. The criteria of
the quality of the obtained classification should be
examined, and the formal rules (diagnostic models)
for the identification of new objects should be devel
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oped. Thus, we may create a quantitatively substanti
ated and visualized classification system that is devoid
of the hidden subjectivity factor.
A separate problem concerns the use of the meth
ods of numerical soil taxonomy in digital soil map
ping. These are tightly interrelated problems; it is
probable that the methods of numerical taxonomy will
be widely applied in digital soil mapping. The infor
mativeness of direct and indirect indicators should be
examined, and the quality of the soil interpretation
should be evaluated. It is important to formalize soil
cover patterns [23], to solve the problem of inclusions,
and to adapt the methods of fuzzy logic for the pur
poses of digital soil mapping.
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